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NULL ϕ–SLANT CURVES IN A MAIN CLASS OF
3-DIMENSIONAL NORMAL ALMOST CONTACT
B-METRIC MANIFOLDS
GALIA NAKOVA
Abstract. We introduce a new type of slant curves in almost contact
B-metric manifolds, called ϕ-slant curves, by an additional condition
which is specific for these manifolds. In this paper we study ϕ-slant
null curves in a class of 3-dimensional normal almost contact B-metric
manifolds and prove that for non-geodesic of them there exists a unique
Frenet frame for which the original parameter is distinguished. We in-
vestigate some of ϕ-slant null curves and with respect to the associated
B-metric on the manifold and find relationships between the correspond-
ing Frenet frames and curvatures. We construct the examined curves in
a 3-dimensional Lie group and give their matrix representation.
1. Introduction
In the Lorentzian geometry there exist three types of curves according to
the causal character of their tangent vector – spacelike, timelike and null
(lightlike) curves. Studying the geometry of null curves is of special interest
since they have very different properties compared to spacelike and timelike
curves. The general theory of null curves is developed in [2, 3], where there
are established important applications of these curves in general relativity.
Let F be a Frenet frame along a null curve C on a Lorentzian manifold.
According to [2], F and the Frenet equations with respect to F depend on
both the parametrization of C and the choice of a screen vector bundle.
However, if a non-geodesic null curve C is properly parameterized, then
there exists only one Frenet frame, called a Cartan Frenet frame, for which
the corresponding Frenet equations of C, called Cartan Frenet equations,
have minimum number of curvature functions ([3]).
In this paper we consider 3-dimensional almost contact B-metric manifolds
(M,ϕ, ξ, η, g), which are Lorentzian manifolds equipped with an almost con-
tact B-metric structure. We study ϕ-slant null curves in considered mani-
folds belonging to the class F4 of the Ganchev-Mihova-Gribachev classific-
ation given in [6]. The class F4 consists of normal almost contact B-metric
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manifolds and it is analogous to the class of α-Sasakian manifolds in the
theory of almost contact metric manifolds.
A slant curve C(t) on (M,ϕ, ξ, η, g), defined by the condition g(C˙, ξ) = a =
const for the tangent vector C˙, is a natural generalization of a cylindrical
helix in an Euclidean space. Slant curves and in particular Legendre curves
(which are slant curves with a = 0) in almost contact metric and almost
paracontact metric manifolds have been investigated intensively by many
authors [5, 11] and the references therein.
In the present work we introduce a new type of slant curves in almost con-
tact B-metric manifolds, called ϕ-slant curves, by the additional condition
g(C˙, ϕC˙) = b = const. For these manifolds, in contrast to the almost contact
metric and almost paracontact metric manifolds, b is a non-zero function in
general.
The paper is organized as follows. Section 2 is a brief review of almost
contact B-metric manifolds and geometry of null curves in a 3-dimensional
Lorentzian manifold. First in Section 3 we show that in a 3-dimensional
almost contact B-metric manifold there exist no ϕ-slant null curves such
that a = b = 0. Then we prove that for a non-geodesic ϕ-slant null curve
C(t) in a 3-dimensional F4-manifold there exists a unique Frenet frame F1
for which the original parameter t is distinguished, as well as we express
F1 in terms of the almost contact B-metric structure. Also, we find the
curvatures k1(t) and k2(t) with respect to F1. On an almost contact B-metric
manifold there exist two B-metrics g and g˜. For that reason in Section 4 we
consider some ϕ-slant null curves with respect to g in a 3-dimensional F4-
manifold and prove that with respect to g˜ these curves are ϕ-slant non-null
curves. Moreover, we obtain relationships between the Frenet frames and
the corresponding curvatures with respect to g and g˜. In the last Section 4
we construct ϕ-slant null curves in a 3-dimensional Lie group endowed with
an almost contact B-metric structure of an F4-manifold. We find a matrix
representation of considered curves.
2. Preliminaries
A (2n + 1)-dimensional smooth manifold (M,ϕ, ξ, η, g) is called an almost
contact manifold with B-metric (or an almost contact B-metric manifold)
[6] if it is endowed with an almost contact structure (ϕ, ξ, η) consisting of an
endomorphism ϕ of the tangent bundle, a Reeb vector field ξ and its dual
1-form η, satisfying the following relations:
ϕ2X = −X + η(X)ξ, η(ξ) = 1.
Also, M is equipped with a semi-Riemannian metric g, called a B-metric
[6], determined by
g(ϕX,ϕY ) = −g(X,Y ) + η(X)η(Y ).
3Here and furtherX, Y , Z are tangent vector fields onM , i. e. X,Y,Z ∈ TM .
Immediate consequences of the above conditions are:
η ◦ ϕ = 0, ϕξ = 0, rank(ϕ) = 2n, η(X) = g(X, ξ), g(ξ, ξ) = 1.
The distribution D : x ∈M −→ Dx ⊂ TxM , where
Dx = Kerη = {Xx ∈ TxM : η(Xx) = 0}
is called a contact distribution generated by η. Then the tangent space TxM
at each x ∈M is the following orthogonal direct sum
TxM = Dx ⊕ spanR{ξx}.
The tensor field ϕ induces an almost complex structure on each fibre on D.
Since g is non-degenerate metric on M and ξ is non-isotropic, the contact
distribution D is non-degenerate and the restriction g|D of the metric g on
D is of signature (n, n).
The tensor field g˜ of type (0, 2) given by g˜(X,Y ) = g(X,ϕY ) + η(X)η(Y )
is a B-metric, called an associated metric to g. Both metrics g and g˜ are
necessarily of signature (n+ 1, n) (+ . . . +− . . .−).
Let ∇ be the Levi-Civita connection of g. The tensor field F of type (0, 3)
on M is defined by F (X,Y,Z) = g((∇Xϕ)Y,Z) and it has the following
properties:
F (X,Y,Z) = F (X,Z, Y ) = F (X,ϕY,ϕZ)+η(Y )F (X, ξ, Z)+η(Z)F (X,Y, ξ).
Moreover, we have
F (X,ϕY, ξ) = (∇Xη)Y = g(∇Xξ, Y ).(2.1)
The following 1-forms, called Lee forms, are associated with F :
θ(X) = gijF (ei, ej ,X), θ
∗(X) = gijF (ei, ϕej ,X), ω(X) = F (ξ, ξ,X),
where {ei}, i = {1, . . . , 2n + 1} is a basis of TxM , x ∈ M , and (gij) is the
inverse matrix of (gij).
A classification of the almost contact B-metric manifolds with respect to F
is given in [6] and eleven basic classes Fi (i = 1, 2, . . . , 11) are obtained. If
(M,ϕ, ξ, η, g) belongs to the class Fi then it is called an Fi-manifold.
The special class F0 is the intersection of all basic classes. It is known as the
class of the cosymplectic B-metric manifolds, i. e. the class of the considered
manifolds with parallel structure tensors with respect to ∇, namely ∇ϕ =
∇ξ = ∇η = ∇g = ∇g˜ = 0 and consequently F = 0.
The lowest possible dimension of the considered manifolds is three. The
class of the 3-dimensional almost contact B-metric manifolds is F1 ⊕ F4 ⊕
F5⊕F8⊕F9⊕F10⊕F11 [6]. According to [10], the class of the normal almost
contact B-metric manifolds is F1 ⊕ F2 ⊕ F4 ⊕ F5 ⊕ F6, since the Nijenhuis
tensor of almost contact structure vanishes there. Hence, the class of the
3-dimensional normal almost contact B-metric manifolds is F1 ⊕ F4 ⊕ F5.
Let us remark that only in the classes F1, F4, F5 and F11 the structure
tensor F is expressed explicitly by the 1-forms θ, θ∗, ω and the basic tensors
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of type (0, 2) g, g˜, η ⊗ η of the manifold. In this reason, the classes F1, F4,
F5, F11 are called main classes.
In this paper we consider 3-dimensional almost contact B-metric manifolds
(M,ϕ, ξ, η, g) belonging to the class F4, which is determined by (see [6])
F4 : F (X,Y,Z) = − θ(ξ)2 {g(ϕX,ϕY )η(Z) + g(ϕX,ϕZ)η(Y )}.(2.2)
Taking into account (2.1) and (2.2) we have
∇Xξ = θ(ξ)
2
ϕX.(2.3)
The equality (2.3) shows that the class F4 is similar to the class of α-Sasakian
manifolds in the theory of almost contact metric manifolds.
Let ∇˜ be the Levi-Civita connection of g˜. We consider the symmetric tensor
field Φ of type (1, 2) defined by Φ(X,Y ) = ∇˜XY −∇XY . For a 3-dimensional
F4-manifold the following equality holds [9]:
∇˜XY −∇XY = θ(ξ)
2
{g(X,ϕY )− g(ϕX,ϕY )}ξ.(2.4)
Let us remark that on a 3-dimensional almost contact B-metric manifold
(M,ϕ, ξ, η, g) the metric g has signature (2, 1), i. e. (M,g) is a 3-dimensional
Lorentzian manifold. In the remainder of this section we briefly recall the
main notions about null curves in a 3-dimensional Lorentzian manifold M
for which we refer to [2, 3].
Let C : I −→M be a smooth curve in M given locally by
xi = xi(t), t ∈ I ⊆ R, i ∈ {1, 2, 3}
for a coordinate neighborhood U of C. The tangent vector field is given by
d
dt
= (x˙1, x˙2, x˙3) = C˙,
where we denote dxidt by x˙i for i ∈ {1, 2, 3}. The curve C is called a regular
curve if C˙ 6= 0 holds everywhere.
Let a regular curve C be a null (lightlike) curve in (M,g), i. e. at each point
x of C we have
g(C˙, C˙) = 0, C˙ 6= 0.(2.5)
A general Frenet frame on M along C is denoted by F = {C˙,N,W} and
the vector fields in F are determined by
g(C˙,N) = g(W,W ) = 1, g(N,N) = g(N,W ) = g(C˙,W ) = 0.(2.6)
In [2, Theorem 1.1, p. 53] it was proved that for a given W there exists
a unique N satisfying the corresponding equalities in (2.6). The following
5general Frenet equations with respect to F and ∇ of (M,g) are known from
[2, 3]
∇C˙C˙ = hC˙ + k1W
∇C˙N = −hN + k2W
∇C˙W = −k2C˙ − k1N,
(2.7)
where h, k1 and k2 are smooth functions on U . The functions k1 and k2 are
called curvature functions of C.
The general Frenet frame F and its general Frenet equations (2.7) are not
unique as they depend on the parameter and the choice of the screen vector
bundle S(TC⊥) = spanW of C (for details see [2, pp. 56-58], [3, pp. 25-29]).
It is known [2, p. 58] that there exists a parameter p called a distinguished
parameter, for which the function h vanishes in (2.7). The pair (C(p),F),
where F is a Frenet frame along C with respect to a distinguished parameter
p, is called a framed null curve (see [3]). In general, (C(p),F) is not unique
since it depends on both p and the screen distribution. A Frenet frame with
the minimum number of curvature functions is called Cartan Frenet frame of
a null curve C. In [3] it is proved that if the null curve C(p) is non-geodesic
such that for C¨ = ddp C˙ the condition g(C¨, C¨) = k1 = 1 holds, then there
exists only one Cartan Frenet frame F with the following Frenet equations
∇C˙C˙ =W, ∇C˙N = τW, ∇C˙W = −τC˙ −N.(2.8)
The latter equations are called the Cartan Frenet equations of C(p) whereas
τ is called a torsion function and it is invariant upto a sign under Lorentzian
transformations. A null curve together with its Cartan Frenet frame is called
a Cartan framed null curve. Note that some authors [7] term a framed null
curve (C(p),F) Cartan framed null curve and a Frenet frame F along C
with respect to a distinguished parameter p – Cartan Frenet frame.
3. Framed ϕ-slant null curves with respect to the original
parameter in 3-dimensional F4-manifolds
Let us consider a smooth curve C in an almost contact B-metric manifold
(M,ϕ, ξ, η, g). We say that C is a slant curve on M if g(C˙, ξ) = η(C˙) = a
and a is a real constant. The curve C is called a Legendre curve if a = 0.
A distinguishing feature of the almost contact B-metric manifolds from
the almost contact metric and almost paracontact metric manifolds is that
g(X,ϕX) is not zero in general. Motivated by this fact we define a new type
slant curves.
Definition 3.1. We say that a smooth curve C(t) in an almost contact
B-metric manifold (M,ϕ, ξ, η, g) is ϕ-slant if
g(C˙(t), ξ) = η(C˙(t)) = a and g(C˙(t), ϕC˙(t)) = b,(3.1)
where a and b are real constants.
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Remark 3.2. Let C(t) be a slant or a ϕ-slant curve. If we change the
parameter t of C(t) with another parameter p, then we have C˙(p) = C˙(t) dtdp .
Hence (3.1) becomes
g(C˙(p), ξ) = η(C˙(p)) = dtdpη(C˙(t)) =
dt
dpa and
g(C˙(p), ϕC˙(p)) =
(
dt
dp
)2
g(C˙(t), ϕC˙(t)) =
(
dt
dp
)2
b.
Therefore g(C˙(p), ξ) and g(C˙(p), ϕC˙(p)) are constant if and only if t =
αp+ β, where α, β are constant, i.e in general slant and ϕ-slant curves are
not invariant under a reparameterization. Our aim in the present paper is
to study ϕ-slant null curves with respect to its original parameter.
Proposition 3.3. In a 3-dimensional almost contact B-metric manifold
(M,ϕ, ξ, η, g) there exist no ϕ-slant null curves such that a = b = 0.
Proof. Let us assume that there exists a ϕ-slant null curve C in M such
that a = b = 0. Then we have g(ϕC˙, ϕC˙) = −g(C˙, C˙) + η(C˙)η(C˙) = 0.
From η(C˙) = η(ϕC˙) = 0 it follows that C˙ and ϕC˙ belong to the contact
distribution D of M along C. Since C˙ and ϕC˙ are linearly independent,
they form a basis of D at each point x of C. Hence, for an arbitrary vector
field X ∈ D|C we have X = uC˙ + vϕC˙ for some functions u and v. By
using g(C˙, C˙) = g(ϕC˙, ϕC˙) = 0 and the second equality in (3.1) we obtain
g(X,X) = 0. The last implies a contradiction since g|D is of signature (1, 1),
which confirms our assertion. 
Now, taking into account Proposition 3.3, it is easy to see that the triad of
vector fields {C˙, ξ, ϕC˙} is a basis of TxM at each point x of a ϕ-slant null
curve in a 3-dimensional almost contact B-metric manifold (M,ϕ, ξ, η, g).
By using this basis, in [8] H. Manev and the author of this paper obtained
the following result for a slant null curve C in (M,ϕ, ξ, η, g) satisfying the
conditions (3.1), where (a, b) 6= (0, 0) and b is a function:
If F = {C˙,N,W} is a general Frenet frame on M along C which has the
same positive orientation as a basis {C˙, ξ, ϕC˙} at each x ∈ C, then
W = αξ + βC˙ + γϕC˙,(3.2)
N = λξ + µC˙ + νϕC˙,(3.3)
where β is an arbitrary function and α, γ, λ, µ, ν are the following functions
α = − b√
a4 + b2
, γ =
a√
a4 + b2
,(3.4)
7λ =
a3 + βb
√
a4 + b2
a4 + b2
, µ = −a
2 + β2
(
a4 + b2
)
2 (a4 + b2)
,
ν =
b− βa√a4 + b2
a4 + b2
.
(3.5)
Moreover, the functions h and k1 in (2.7) with respect to F are given by
h = −λg(C˙,∇C˙ξ) + ν2
[
C˙ (b)− F (C˙, C˙, C˙)
]
,
k1 = −αg(C˙,∇C˙ξ) + γ2
[
C˙ (b)− F (C˙, C˙, C˙)
]
.
(3.6)
Remark 3.4. The equalities (3.2), (3.3), (3.4), (3.5) and (3.6) hold also in
case of a ϕ-slant null curve in a 3-dimensional (M,ϕ, ξ, η, g), i.e. when b is
a constant.
Proposition 3.5. Let C be a ϕ-slant null curve in a 3-dimensional F4-
manifold (M,ϕ, ξ, η, g). If F = {C˙,N,W} is a general Frenet frame along
C, then for the functions k1 and h in (2.7) we have
h = −β θ(ξ)
√
a4 + b2
2
,(3.7)
k1 =
θ(ξ)
√
a4 + b2
2
.(3.8)
Proof. By using (2.2) and (2.3) we find
F (C˙, C˙, C˙) = −θ(ξ)a3 and g(C˙,∇C˙ξ) =
θ(ξ)b
2
.(3.9)
Substituting the above equalities and C˙ (b) = 0 in (3.6), we get
h =
θ(ξ)
2
(−λb+ νa3), k1 = θ(ξ)
2
(−αb+ a3).(3.10)
By virtue of (3.4) and (3.5) we obtain
−λb+ νa3 = −β
√
a4 + b2, −αb+ a3 =
√
a4 + b2.
The latter equalities and (3.10) imply (3.7) and (3.8). 
Corollary 3.6. A ϕ-slant null curve C in a 3-dimensional F4-manifold M
is geodesic if and only if M is an F0-manifold.
Proof. It is known [2] that a null curve is geodesic if and only if k1 vanishes.
From (3.8) and a4+ b2 6= 0 it follows that k1 = 0 if and only if θ(ξ) = 0 that
is M ∈ F0. 
8 G. NAKOVA
Theorem 3.7. Let C(t) be a non-geodesic ϕ-slant null curve in a 3-dimensional
F4-manifold (M,ϕ, ξ, η, g). Then there exists a unique Frenet frame F1 =
{C˙,N1,W1} for which the original parameter t of C(t) is distinguished and
the vector fields W1, N1 are given by
W1 = αξ + γϕC˙ = − b√
a4 + b2
ξ +
a√
a4 + b2
ϕC˙,
N1 = λ1ξ + µ1C˙ + ν1ϕC˙
=
a3
a4 + b2
ξ − a
2
2(a4 + b2)
C˙ +
b
a4 + b2
ϕC˙.
(3.11)
The function k2 with respect to F1 is given by
k2 =
a2θ(ξ)
4
√
a4 + b2
.(3.12)
Proof. By using (3.7) and (3.8) we have h = −βk1. Then, having in mind
(3.2), the first equality in (2.7) becomes
∇C˙C˙ = hC˙ + k1W = −βk1C˙ + k1(αξ + βC˙ + γϕC˙) = k1(αξ + γϕC˙).
(3.13)
The vector field W1 = αξ + γϕC˙ = − b√
a4 + b2
ξ +
a√
a4 + b2
ϕC˙ is obtained
from (3.2) for β = 0 and therefore g(W1,W1) = 1. Replacing β with 0 in
(3.5) we get
λ1 =
a3
a4 + b2
, µ1 = − a
2
2(a4 + b2)
, ν1 =
b
a4 + b2
.(3.14)
Hence, the unique vector field N1 corresponding to W1 is given by N1 =
λ1ξ+µ1C˙+ν1ϕC˙. Comparing (3.13) with the first equality in (2.7) we infer
that h = 0 with respect to the Frenet frame F1 = {C˙,N1,W1}, where W1
and N1 are determined by (3.11). Thus, the original parameter t of C(t) is
distinguished with respect to F1. Now, let we take another Frenet frame
F∗ = {C˙,N∗,W ∗} along C with respect to t and W ∗. Since for a given C
the vector field W depends only on β, we have W ∗ = αξ + β∗C˙ + γϕC˙ =
W1 + β
∗C˙. The unique vector field N∗ corresponding to W ∗ is given by
N∗ = λ∗ξ+µ∗C˙+ν∗ϕC˙, where λ∗, µ∗ and ν∗ are obtained replacing β with
β∗ in (3.5). For the first equality in (2.7) with respect to F∗ we have
∇C˙C˙ = h∗C˙ + k∗1W ∗,
where h∗ = −β∗k∗1 . From the above equality we find k∗1 = g(∇C˙C˙,W ∗) =
g(∇C˙C˙,W1) = k1. Hence h∗ = −β∗k1. The parameter t is distinguished
with respect to F∗ if and only if h∗ vanishes. Since C(t) is non-geodesic, it
follows that h∗ = 0 if and only if β∗ = 0. Thus, F∗ = F1.
From the second equality in (2.7) with respect to F1 we derive
k2 = g(∇C˙N1,W1).
9Taking into account (3.11), the latter equality becomes
k2 = α
(
λ1g(∇C˙ξ, ξ) + µ1g(∇C˙C˙, ξ) + ν1g(∇C˙ϕC˙, ξ)
)
+γ
(
λ1g(∇C˙ξ, ϕC˙) + µ1g(∇C˙C˙, ϕC˙) + ν1g(∇C˙ϕC˙, ϕC˙)
)
.
(3.15)
The equalities g(ξ, ξ) = 1 and g(ϕC˙, ϕC˙) = a2 imply
g(∇C˙ξ, ξ) = g(∇C˙ϕC˙, ϕC˙) = 0.(3.16)
By using g(C˙, ξ) = a, g(ϕC˙, ξ) = 0 and (2.3) we receive
g(∇C˙C˙, ξ) = −g(C˙,∇C˙ξ) = −
θ(ξ)b
2
,
g(∇C˙ϕC˙, ξ) = −g(∇C˙ξ, ϕC˙) = −
θ(ξ)a2
2
.
(3.17)
With the help of the following expressions
F (C˙, C˙, C˙) = g(∇C˙C˙, ϕC˙)− g(ϕ(∇C˙C˙), C˙),
0 = C˙(b) = g(∇C˙C˙, ϕC˙) + g(C˙,∇C˙ϕC˙)
and the first equality in (3.9) we find
g(∇C˙C˙, ϕC˙) = −
1
2
F (C˙, C˙, C˙) =
1
2
θ(ξ)a3.(3.18)
Substituting (3.16), (3.17) and (3.18) in (3.15) we obtain
k2 = −αθ(ξ)
2
(µ1b+ ν1a
2) +
γθ(ξ)a2
2
(λ1 + µ1a).(3.19)
Finally, substituting (3.4) and (3.14) in (3.19) we get (3.12). 
From now on in this paper, we deal with the pair (C(t),F1), where C(t) is
a ϕ-slant null curve in a 3-dimensional F4-manifold for which the original
parameter is distinguished and F1 is the unique Frenet frame of C(t) from
Theorem 3.7. The Frenet equations of (C(t),F1) are
∇C˙C˙ = k1W1
∇C˙N1 = k2W1
∇C˙W1 = −k2C˙ − k1N1,
(3.20)
where k1 and k2 are given by (3.8) and (3.12), respectively.
Definition 3.8. A framed null curve with k2 = 0 is called a generalized null
cubic.
Substituting a = 0 in (3.8), (3.11) and (3.12), we state
Proposition 3.9. Let (C(t),F1) be a Legendre ϕ-slant null curve in a 3-
dimensional F4-manifold (M,ϕ, ξ, η, g). Then we have
(i) k1 =
|b|θ(ξ)
2
.
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(ii) The vector fields N1, W1 from F1 = {C˙,N1,W1} are given by N1 =
1
b
ϕC˙, W1 = −ǫξ, where ǫ = {sign b} = {±1}.
(iii) (C(t),F1) is a generalized null cubic.
As a generalization of the magnetic curves in [1] was introduced the notion
of F -geodesics in a manifold M endowed with a (1,1)-tensor field F and
with a linear connection ∇.
Definition 3.10. [1] A smooth curve γ : I −→M in a manifold (M,F,∇)
is an F -geodesic if γ(t) satisfies ∇γ˙(t)γ˙(t) = F γ˙(t).
Note that an F -geodesic is not invariant under a reparameterization.
Using (3.8) and (3.11) the first equality in (3.20) becomes
∇C˙C˙ = −
bθ(ξ)
2
ξ +
aθ(ξ)
2
ϕC˙.(3.21)
By virtue of (3.21) we establish the truth of the following
Proposition 3.11. A ϕ-slant null curve (C(t),F1) in a 3-dimensional F4-
manifold (M,ϕ, ξ, η, g) is a ϕ-geodesic if and only if b = 0 and θ(ξ) = a2 .
4. Some non-null ϕ-slant curves in a 3-dimensional F4-manifold
induced from ϕ-slant null curves
A curve γ : I −→ M in a 3-dimensional Lorentzian manifold (M,g) is
said to be a unit speed curve (or γ is parameterized by arc length s) if
g(γ′, γ′) = ǫ1 = ±1, where γ′ = dγds is the velocity vector field. A unit speed
curve γ is said to be spacelike or timelike if ǫ1 = 1 or ǫ1 = −1, respectively.
A unit speed curve γ is said to be a Frenet curve if one of the following three
cases holds [11]:
• γ is of osculating order 1 that is ∇γ′γ′ = 0, i.e. γ is a geodesic;
• γ is of osculating order 2, i.e. there exist two orthonormal vector
fields E1, E2 and a positive function k (the curvature) along γ such
that E1 = γ
′, g(E2, E2) = ǫ2 = ±1 and
∇γ′E1 = ǫ2kE2, ∇γ′E2 = −ǫ1kE1;
• γ is of osculating order 3, i.e. there exist three orthonormal vector
fields E1, E2, E3 and two positive functions k (the curvature) and
τ (the torsion) along γ such that E1 = γ
′, g(E2, E2) = ǫ2 = ±1,
g(E3, E3) = ǫ3 = ±1, ǫ3 = −ǫ1ǫ2 and
∇γ′E1 = ǫ2kE2, ∇γ′E2 = −ǫ1kE1 + ǫ3τE3, ∇γ′E3 = −ǫ2τE2.
As in the case of Riemannian geometry, a Frenet curve in a 3-dimensional
Lorentzian manifold is a geodesic if and only if its curvature k vanishes.
Also a curve γ with a curvature k and a torsion τ is called [4]:
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• a pseudo-circle if k = const and τ = 0;
• a helix if k = const and τ = const;
• a proper helix if γ is a helix which is not a circle;
• a generalized helix if k
τ
= const but k and τ are not constant.
Taking into account Remark 3.2 we state:
A Frenet curve γ(s) in an almost contact B-metric manifold (M,ϕ, ξ, η, g)
is said to be slant if η(γ′(s)) = a = const. (see [11])
We say that a Frenet curve γ(s) in an almost contact B-metric manifold
(M,ϕ, ξ, η, g) is ϕ-slant if
η(γ′(s)) = a = const and g(γ′(s), ϕγ′(s)) = b = const.
Since there exist two B-metrics g and g˜ on an almost contact B-metric
manifold M , we can consider a curve γ in M with respect to both g and
g˜. In this section we investigate non-null curves with respect to g˜ induced
from two types of ϕ-slant null curves with respect to g in a 3-dimensional
F4-manifold.
Theorem 4.1. Let (C(t),F1) be a Legendre ϕ-slant null curve with respect
to g in a 3-dimensional F4-manifold. The curve C with respect to g˜ is
(i) spacelike if b > 0 or timelike if b < 0;
(ii) a Legendre ϕ-slant curve;
(iii) a geodesic.
Proof. (i) Since (C(t),F1) is a Legendre ϕ-slant null curve, from Proposition
3.3 it follows that b 6= 0. Thus g˜(C˙, C˙) = b 6= 0. Now, we parameterize C(t)
by its arc length parameter s˜ with respect to g˜ given by
s˜ =
∫ t
0
√
|g˜(C˙, C˙)|du =
∫ t
0
√
|b|du =
√
|b|t.
Then for the tangent vector C ′(s˜) = C˙(t)
dt
ds˜
=
C˙(t)√
|b| of the curve C(s˜) we
have g˜(C ′, C ′) =
b
|b| = ±1 which confirms the assertion (i).
(ii) By direct calculations we find
η˜(C ′) = g˜(C ′, ξ) = η(C ′) =
1√
|b|η(C˙) = 0,
g˜(C ′, ϕC ′) =
1
|b| g˜(C˙, ϕC˙) = 0.
(4.1)
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The equalities (4.1) show that C(s˜) is a Legendre ϕ-slant curve.
(iii) By virtue of (2.4) we get
∇˜C′C ′ = 1|b| ∇˜C˙C˙ =
1
|b|
(
∇C˙C˙ +
bθ(ξ)
2
ξ
)
.(4.2)
Now, we find ∇C˙C˙ with the help of Proposition 3.9
∇C˙C˙ = k1W1 =
|b|θ(ξ)
2
(−ǫξ) = −bθ(ξ)
2
ξ.
The latter equality and (4.2) imply ∇˜C′C ′ = 0, i.e. C(s˜) is a geodesic. 
Theorem 4.2. Let (C(t),F1) be a ϕ-slant null curve with respect to g in a
3-dimensional F4-manifold M and b = 0. The curve C with respect to g˜ is
a ϕ-slant spacelike curve in M such that:
(i) If (C(t),F1) is non-geodesic, then C is a Frenet curve of osculating order
3. The orthonormal vector fields E1, E2, E3 with respect to g˜, the curvature
k˜ and the torsion τ˜ along C are given as follows:
E1(s˜) = C
′(s˜) =
C˙
|a| , g˜(E1, E1) = ǫ1 = 1,(4.3)
where s˜ is the arc length parameter of C(t) with respect to g˜;
E2(s˜) = ǫ˜
(
1
a
ϕC˙ − ξ
)
= ǫ˜
(
− 1
2a
C˙ − aN1 +W1
)
, g˜(E2, E2) = ǫ2 = 1,
(4.4)
where ǫ˜ = {sign k1(t)} = {sign θ(ξ)(t)} = {±1}, ǫ = {sign a} = {±1} and
k1(t) is the curvature of (C(t),F1);
E3(s˜) =
1
|a| (ϕC˙ − C˙) = ǫ
(
−1
a
C˙ +W1
)
, g˜(E3, E3) = ǫ3 = −1;(4.5)
k˜(s˜) =
|k1(t)|
a2
=
|θ(ξ)(t)|
2
, τ˜(s˜) = k(s˜).(4.6)
(ii) If (C(t),F1) is a geodesic, then C(s˜) is also a geodesic.
Proof. Since b = 0 for (C(t),F1), from Proposition 3.3 it follows that a 6= 0.
First, for further use we compute:
g˜(C˙, C˙) = g(C˙, ϕC˙) + (η(C˙))2 = a2, g˜(C˙, ϕC˙) = g(ϕC˙, ϕC˙) = a2,
g˜(ϕC˙, ϕC˙) = −g˜(C˙, C˙) + (η(C˙))2 = 0.(4.7)
The curvature k1(t) and the vector fields W1, N1 from the frame F1 along
C(t) we obtain by substituting b = 0 in (3.8) and (3.11). Thus we have
k1(t) =
a2θ(ξ)(t)
2
,(4.8)
W1 =
1
a
ϕC˙,(4.9)
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N1 =
1
a
ξ − 1
2a2
C˙.(4.10)
Since g˜(C˙, C˙) = a2 6= 0, analogously as in the proof of Theorem 4.1 we para-
meterize C(t) with respect to its arc length parameter s˜ = |a|t. Then it is
easy to see that for the vector field E1(s˜) = C
′(s˜) the equality g˜(E1, E1) = 1
holds. Hence C(s˜) is a spacelike curve with respect to g˜. By straightforward
calculations we obtain
η˜(C ′) = g˜(C ′, ξ) = η(C ′) =
1
|a|η(C˙) =
a
|a| = ǫ,
g˜(C ′, ϕC ′) =
1
a2
g˜(C˙, ϕC˙) =
1
a2
a2 = 1.
From the above equalities it is clear that the spacelike curve C(s˜) is a ϕ-slant
(non-Legendre) curve in M .
(i) By virtue of (2.4) we find
∇˜C′C ′ = 1
a2
∇˜C˙C˙ =
1
a2
(
∇C˙C˙ −
a2θ(ξ)
2
ξ
)
.(4.11)
From the first equality in (3.20) and (4.9) we get
∇C˙C˙ = k1W1 = k1
1
a
ϕC˙.
We substitute the latter equality in (4.11). Then having in mind (4.8) we
obtain
∇˜C′C ′ = k1
a2
(
1
a
ϕC˙ − ξ
)
.
We rewrite the above equality in the following equivalent form
∇˜C′C ′ = ǫ˜k1
a2
ǫ˜
(
1
a
ϕC˙ − ξ
)
=
ǫ˜k1
a2
E2(s˜),(4.12)
where we put E2(s˜) = ǫ˜
(
1
a
ϕC˙ − ξ
)
and ǫ˜ = {sign k1(t)} = {sign θ(ξ)(t)} =
{±1}. By direct calculations we check that g˜(E2, E2) = 1 and g˜(E1, E2) = 0.
From (4.10) we derive ξ = aN1+
1
2a C˙ and henceE2 = ǫ˜
(
− 12a C˙ − aN1 +W1
)
.
With the help of (4.12) and (4.8) we find
k˜(s˜) = |∇˜C′C ′| =
√
|g˜(∇˜C′C ′, ∇˜C′C ′)| = |k1(t)|
a2
=
|θ(ξ)(t)|
2
.
Thus we establish the truth of the first equality in (4.6) and (4.12) becomes
∇˜C′C ′ = k˜E2.(4.13)
Since (C(t),F1) is non-geodesic, from Corollary 3.6 it follows that θ(ξ) 6= 0
along C. Hence C(s˜) is also non-geodesic.
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Now, we compute
∇˜C′E2 = ∇˜C′ ǫ˜
(
1
a
ϕC˙ − ξ
)
=
1
|a|
(
ǫ˜
a
∇˜C˙ϕC˙ − ǫ˜∇˜C˙ξ
)
.(4.14)
Further, by using (2.4) we get
∇˜C˙ϕC˙ = ∇C˙ϕC˙ +
a2θ(ξ)
2
ξ.(4.15)
From the well known formula (∇C˙ϕ)C˙ = ∇C˙ϕC˙ − ϕ(∇C˙C˙) we express
∇C˙ϕC˙ = (∇C˙ϕ)C˙ + ϕ(∇C˙C˙).(4.16)
By virtue of (2.2) we find
(∇C˙ϕ)C˙ = −
aθ(ξ)
2
(aξ + ϕ2C˙).
Taking into account (4.8) and (4.9) we have
ϕ(∇C˙C˙) = ϕ(k1W1) =
a2θ(ξ)
2
ϕ2C˙.
Substituting the latter two equalities in (4.16) we obtain
∇C˙ϕC˙ = −
a2θ(ξ)
2
ξ.(4.17)
From (4.15) and (4.17) it follows
∇˜C˙ϕC˙ = 0.(4.18)
By using (2.4) and (2.3) we get
∇˜C˙ξ = ∇C˙ξ =
θ(ξ)
2
ϕC˙.(4.19)
Substituting (4.18) and (4.19) in (4.14) we receive ∇˜C′E2 = −k˜ 1|a|ϕC˙. We
rewrite the last equality in the following equivalent form
∇˜C′E2 = −k˜E1 + k˜E1 − k˜ 1|a|ϕC˙ = −k˜E1 − k˜
(
1
|a|ϕC˙ − E1
)
and put E3(s˜) =
1
|a|ϕC˙ −E1 = 1|a|(ϕC˙ − C˙) = ǫ
(
− 1
a
C˙ +W1
)
. Immediately
we verify that g˜(E3, E3) = −1, g˜(E1, E3) = g˜(E2, E3) = 0. Now, we obtain
∇˜C′E2 = −k˜E1 − τ˜E3.(4.20)
where τ˜ = k˜. Finally, we have
∇˜C′E3 = 1|a| ∇˜C˙
1
|a|(ϕC˙ − C˙) =
1
a2
(
∇˜C˙ϕC˙ − ∇˜C˙C˙
)
.
Taking into account (4.13) and (4.18), we infer
∇˜C′E3 = −τ˜E2.(4.21)
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The equalities (4.13), (4.20) and (4.21) show that C(s˜) is a Frenet curve of
osculating order 3. Note that in our case ǫ1 = ǫ2 = −ǫ3 = 1.
(ii) The truth of the assertion follows from Corollary 3.6 and (4.6). 
As an immediate consequence from Proposition 3.11 and Theorem 4.2 we
obtain
Corollary 4.3. Let (C(t),F1) and C(s˜) be the curves from Theorem 4.2.
Then
(i) C(s˜) is a generalized helix.
(ii) If (C(t),F1) is a ϕ-geodesic, then C(s˜) is a proper helix.
5. Null ϕ-slant curves in a Lie group as a 3-dimensional
F4-manifold and their matrix representation
Let G be a 3-dimensional real connected Lie group and g be its Lie algebra
with a basis {E1, E2, E3} of left invariant vector fields. We define an almost
contact structure (ϕ, ξ, η) and a left invariant B-metric g as follows:
ϕE1 = E2, ϕE2 = −E1, ϕE3 = 0, ξ = E3, η(E3) = 1, η(E1) = η(E2) = 0,
g(E1, E1) = −g(E2, E2) = g(E3, E3) = 1, g(Ei, Ej) = 0, i 6= j ∈ {1, 2, 3}.
Let (G,ϕ, ξ, η, g) be a 3-dimensional almost contact B-metric manifold such
that the Lie algebra g of G is determined by the following commutators:
[E1, E3] = αE2 [E2, E3] = −αE1, [E1, E2] = 0, α ∈ R, α 6= 0.(5.1)
Further we will show that if (5.1) holds, then (G,ϕ, ξ, η, g) is an F4-manifold.
By using the Koszul formula
2g(∇EiEj, Ek) = g([Ei, Ej ], Ek) + g([Ek, Ei], Ej) + g([Ek, Ej ], Ei)(5.2)
we obtain the following equality for the components Fijk = F (Ei, Ej , Ek),
i, j, k ∈ {1, 2, 3} of the tensor F :
2Fijk = g([Ei, ϕEj ]− ϕ[Ei, Ej ], Ek) + g(ϕ[Ek, Ei]− [ϕEk, Ei], Ej)
+g([Ek, ϕEj ]− [ϕEk, Ej ], Ei).(5.3)
By virtue of (5.1) and (5.3) we obtain that the non-zero components Fijk
are
F113 = F131 = α, F223 = F232 = −α.(5.4)
For the tensor F of a 3-dimensional F4-manifold, using (2.2), we get
F (X,Y,Z) =
θ(ξ)
2
{(X1Y 1 −X2Y 2)Z3 + (X1Z1 −X2Z2)Y 3},
where X = XiEi, Y = Y
iEi, Z = Z
iEi are arbitrary vector fields. The lat-
ter equality and (5.4) imply that (G,ϕ, ξ, η, g) is a 3-dimensional F4-manifold
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and α = θ(ξ)2 . With the help of (5.1) and (5.2) we find the components of
the Levi-Civita connection ∇. The non-zero ones of them are
∇E1E2 = ∇E2E1 = αξ, ∇E1ξ = αE2, ∇E2ξ = −αE1.(5.5)
Consider the curve C(t) = etX on G, where t ∈ R and X ∈ g. Hence the
tangent vector to C(t) at the identity element e of G is C˙(0) = X. Let the
coordinates (p, q, r) of C˙ with respect to the basis {E1, E2, E3} are given by
p = −ǫ
√√
a4 + b2 − a2
2
, q =
√√
a4 + b2 + a2
2
, r = a,(5.6)
where a, b ∈ R, (a, b) 6= (0, 0) and ǫ = {sign b} = {±1}. It is easy to see
that g(C˙, C˙) = 0 and η(C˙) = a. Also, having in mind that ϕC˙ = (−q, p, 0),
we have g(C˙, ϕC˙) = b. Hence, C(t) is a ϕ-slant null curve in (G,ϕ, ξ, η, g).
Furthermore, using (5.5), one obtains
∇C˙C˙ = α(−aqE1 + apE2 − bξ)
= α
√
a4 + b2
( −aq√
a4 + b2
E1 +
ap√
a4 + b2
E2 − b√
a4 + b2
E3
)
= α
√
a4 + b2W1,
(5.7)
where the vector field
W1 =
( −aq√
a4 + b2
,
ap√
a4 + b2
,− b√
a4 + b2
)
(5.8)
is a spacelike unit. Then the unique N1 corresponding to W1 is given by
N1 =
(
− a
2p+ 2bq
2(a4 + b2)
,
−a2q + 2bp
2(a4 + b2)
,
a3
2(a4 + b2)
)
.(5.9)
Thus, by using (5.5), we obtain
∇C˙N1 =
αa2
2
√
a4 + b2
W1,
∇C˙W1 = −
αa2
2
√
a4 + b2
C˙ − α
√
a4 + b2N1.
(5.10)
Comparing the equations (5.7) and (5.10) with (2.7) we get
h = 0, k1 = α
√
a4 + b2, k2 =
αa2
2
√
a4 + b2
with respect to to the Frenet frame F1 = {C˙,N1,W1}.
Further, we find the matrix representation of C(t) and F1. Let us recall that
the adjoint representation Ad of G is the following Lie group homomorphism
Ad : G −→ Aut(g).
For X ∈ g, the map adX : g −→ g is defined by adX(Y ) = [X,Y ], where by
adX is denoted ad(X). Due to the Jacobi identity, the map
ad : g −→ End(g) : X −→ adX
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is Lie algebra homomorphism, which is called adjoint representation of g.
Since the set End(g) of all K-linear maps from g to g is isomorphic to the set
of all (n×n) matrices M(n,K) with entries in K, ad is a matrix representation
of g. We denote by Mi the matrices of adEi (i=1,2,3) with respect to the
basis {E1, E2, E3} of g. Then for an arbitrary X = x1E1 + x2E2 + x3E3
(x1, x2, x3 ∈ R) in g the matrix A of adX is A = x1M1 + x2M2 + x3M3.
Then by virtue of the well known identity eA = Ad
(
eX
)
we find the matrix
representation of the Lie group G. By using (5.1) we obtain M1, M2, M3
and then A
M1 =
 0 0 00 0 α
0 0 0
 , M2 =
 0 0 −α0 0 0
0 0 0
 , M3 =
 0 α 0−α 0 0
0 0 0
 ,
A =
 0 x3α −x2α−x3α 0 x1α
0 0 0
 .(5.11)
The characteristic polynomial of A is
PA(λ) = −λ(λ2 + x23α2) = 0.
Hence for the eigenvalues λi (i = 1, 2, 3) of A we have
λ1 = 0, λ2 = ix3α, λ3 = −ix3α, i2 = −1.
By the assumption that x3 6= 0, the eigenvectors
p1 = (x1, x2, x3), p2 = (1, i, 0), p3 = (i, 1, 0)
corresponding to λ1, λ2, λ3, respectively, are linearly independent for arbit-
rary x1, x2 and x3 6= 0. For the change of basis matrix P and its inverse
matrix P−1 we get
P =
 x1 1 ix2 i 1
x3 0 0
 , P−1 = 1
2x3
 0 0 2x3 −ix3 −x1 + ix2
−ix3 x3 −x2 + ix1
 .
By using that eA = PeJP−1, where J is the diagonal matrix with elements
Jii = λi, we obtain the matrix representation of the Lie group G in case
x3 6= 0
G =
e
A =

cosαx3 sinαx3
x1
x3
(1 − cosαx3)− x2
x3
sinαx3
− sinαx3 cosαx3 x2
x3
(1 − cosαx3) + x1
x3
sinαx3
0 0 1

 .(5.12)
The coordinates of the vector field tC˙ ∈ g, t ∈ R, are (tp, tq, ta), where p, q
are given by (5.6) and a 6= 0. Since Ad(C(t)) = Ad (etc˙), we find Ad(C(t))
replacing x1, x2 and x3 in (5.12) with tp, tq and ta, respectively. Thus,
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for the matrix representation of a ϕ-slant null curve C(t), which is not a
Legendre curve, we have
Ad(C(t)) =

cosαat sinαat p
a
(1− cosαat)− q
a
sinαat
− sinαat cosαat q
a
(1− cosαat) + p
a
sinαat
0 0 1
 .
Finally, we may obtain the matrix representations of C˙,W1 andN1 replacing
x1, x2 and x3 in (5.11) with their coordinates, determined by (5.6), (5.8)
and (5.9), respectively.
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